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Abstract

Global stability theory is used to predict
the onset of unsteadiness as a perturbation to
a steady RANS solution. Results are pre-
sented for the onset of vortex shedding and
the onset of transonic buffet. The results are
shown to be in good agreement with experi-
ments and unsteady RANS calculations.

1. Introduction

A reliable prediction for the onset of
natural flow unsteadiness is of significant im-
portance for many aerodynamic applications.
The most rigorous numerical approach to
such problems is Direct Numerical Simulation
(DNS), i.e., time-accurate integration of the
Navier-Stokes equations. However this ap-
proach is far from affordable for turbulent
flows at practically meaningful high Reynolds
numbers. For this reason, currently such flows
can only be treated with the use of Large
Eddy Simulation (LES), Unsteady Reynolds

Averaged Navier-Stokes equations (URANS),
or with hybrid approaches, such as Detached-
Eddy Simulation (DES). However the use of
LES, even for statistically stationary wall-
bounded flows, is also severely restricted by Re
number. Application of DES enables simula-
tion of high Re number flows, but is not appli-
cable to the attached flows or those with shal-
low separation. Thus, URANS is currently the
principal approach used for evaluation of the
attached or mildly-separated turbulent flows in-
clined to large-scale quasi-periodic oscillations.

Leaving aside the theoretical background
for the URANS approach [1], its practical ap-
plication implies time-accurate integration of
the RANS equations over a wide range of con-
trol parameters (angle of attack, Reynolds
number, Mach number). A large number of
computations are required to define the bound-
ary between steady and unsteady solutions in
this “design space”. Not only would such an
exercise have very high computational cost, but
its output might be rather vague since getting
an unsteady solution of the RANS equations is
a subtle procedure that depends upon the grid,
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the numerical method, and the way in which
the flow is initialized.

Prediction of the onset of global turbu-
lent-flow unsteadiness based on the classical
linear stability theory offers a very attractive
alternative to the URANS-based approach.
However its implementation is far from trivial
as well, and demands the resolution of a num-
ber of computational issues associated with
both numerical solution of the background
steady flow and the associated matrix eigen-
value problem.

In the present work, an appropriately ef-
ficient numerical procedure for both these
stages is developed with the final outcome be-
ing a set of eigenvalues and corresponding ei-
genvectors of the perturbation matrix. The
developed methodology is tested on a set of
flows including the laminar flow over a circu-
lar cylinder and turbulent transonic flows over
biconvex and NACA 0012 airfoils. In all
these cases, it provides good agreement with
the available experimental data and with cor-
responding URANS results obtained in the
present study and published in the literature.

2. Theoretical formulation

We consider the two-dimensional com-
pressible unsteady flow governed by the
URANS equations with the Spalart-Allmaras
(SA) turbulence model [2] used to provide
closure for the Reynolds stresses. This leads
to a set of five equations: continuity, stream-
wise and transverse momentum, energy, and
eddy viscosity. These equations can be writ-
ten in terms of the primitive variables,
q= {p,u,v,T ,v,} in the following homoge-
neous vector form:

R(q%w(q) -0 (1)

Here p is the density, 7 is the tempera-
ture, u and v are velocities in the x, y direc-

tions, respectively, and v, is the eddy viscos-
ity.

The state vector describing the total flow
field can be decomposed into a steady-state
q= {5, u,v,T ,V,} and an unsteady vector
g ={p.u'V,T'V\}, g=q+q'. The vector g
is a solution of the steady form of the system
(1) - that is with 0g /0t =0.

For conditions close to steady state, the un-
steady component ¢’ can be considered as a
small perturbation to the vector g . Substituting
g=¢q+q' into equations (1), canceling the
terms governing ¢, and linearizing the equa-
tions in terms of ¢’ yields:

a_R.ai+a_N.q'=o (2)
0qg Ot Oq

The linear operator (6R/dq) contains the terms

associated with the time derivatives from the
original equations (1). The linear operator
(ON/dq) consists of linear terms from the
original equations, and the terms generated by
nonlinear interactions between ¢ and ¢'.

The unsteady perturbation to the steady-
state flow ¢(x,y) can be represented by time-
harmonic normal modes of the form

q'(x,y,t) =q(x, y)-exp(—ior) . 3)

The function ¢ describes the mode shape,
and o is the frequency. In general, both ¢ and

® can be complex, so the physical solution is
taken as the real part of equation (3).

Substituting (3) into (2) yields a system of
equations governing the modal perturbation.

Multiplying this system by the matrix (BR/ 0q )71
yields the final system of equations for ¢ and
o in the form:

—iog+L(q)-4=0, 4
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with L being a second-order linear differen-
tial operator. Equation (4) with linearized
boundary conditions describes an eigenvalue
problem, which is solved numerically.

3. Numerical solution

In the present work both steady and time-
accurate RANS equations are solved with the
use of the NTS code [3] based on an implicit
finite-volume formulation on a structured
multi-block overlapping grid. The third-order
Roe scheme [4] is used for inviscid fluxes,
while the viscous momentum and heat fluxes
are approximated with the second-order cen-
tral difference scheme. The convective terms
in the eddy-viscosity transport equation of the
Spalart-Allmaras model are approximated
with the first-order upwind scheme. Time-
derivatives are approximated with 2" order
backward differences (three-layer scheme)
with sub-iterations. For the solution of the
stability equations (4), the upwind finite-
difference approximations are linear.

In order to reduce the numerical dissipa-
tion of the upwind differencing we use a "hy-
brid" scheme which is weighted between up-
wind and central differencing:

The finite difference operators A;, and A,,

correspond to the 3-rd order upwind and 4-th
order centered schemes, respectively, and o,
is the weighting constant.

To discretize the stability equations, we
first introduce a finite-difference grid with the
total number of nodes N, = N, x N, . The fol-

lowing one-dimensional ("global") numbering
of the grid nodes is used:

n=N,(i-1)+j, withn=1..,N,, (6)
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with i=1,..,N,, j=L..,N,. Now, let the vec-
tor a with the dimension Ny =n,, xN, be

the finite-difference analog of the perturbation
mode shape (n,,. =5 is the number of the pri-

var

mary variables in the RANS equations):

d:[éuaélzamsc}wjwqu.Nj]Ta (7)

or, using global node numbering (6)

A
A A A

A=[P1U, VTV eees Pty s Vs LV sy

N (8)

A ~ ~ T
Py, ty > Vy s Ty Vi 1

The finite-difference approximation of the
system (4) and corresponding linearized
boundary conditions can then be presented in
the following matrix form:

(~ioT+S)-a=0, ©)

where the matrix § with the dimension N, is

an approximation of the differential operator
L((j) (4), and g 1is the numerical solution of
the steady RANS equations on this grid. The
specific form of the matrix S depends upon the
approximation of the space derivatives in the
differential operator. The matrix 7" in (9) is di-
agonal (7,, =0 for m#1/); its diagonal ele-

ments 7,,,, are equal to O for all m correspond-

n

ing to the boundary points of the computational
grid and for all other points 7, =1.

mm

A similar formulation can be used for
multi-block grids with global numbering ex-
tended to all blocks:

n, -1

n=>Y NP +N"™(i-1)+ j, (10)
k=1

with, i=1,..,N"™, j=1L.,N", n,=1..,N,

— block number, and N\ = N/ x N{"
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The eigenvalue problems are solved nu-
merically using the implicitly restarted Ar-
noldi method [5], which is the member of
Krylov subspace projection methods. This
method is very efficient for calculating small
sets of eigenvalues for large systems.

The eigenvalue problem (9) yields a large
number of eigenvalues, but only a small num-
ber of these are physically meaningful. We
focus on the least-stable eigenmode as an in-
dicator for the onset of unsteadiness. A small
number of modes are calculated in the

neighborhood of ®°, where Im(o )>0.

When necessary, physical modes are distin-
guished from spurious modes by calculating
the average eigenfunction amplitude at the
far-field boundary (neglecting the wake re-
gion). The physical modes have negligibly
small amplitude in the far field compared to
the peak modal amplitude.

4. Results

The stability problem formulated in sec-
tions 2 and 3 provides a general framework
for predicting the onset of unsteadiness for
compressible flow including high Reynolds
number flows. This approach is now assessed
by considering example problems, which
serve as limiting cases in terms of their level
of complexity. First, we consider vortex
shedding for a circular cylinder. This is a low-
Reynolds-number laminar-flow condition at
an essentially-incompressible Mach number.
The other problem considered is transonic
buffet onset for a NACA 0012 airfoil and for
an 18% thick bi-convex airfoil. This is a high-
Reynolds-number turbulent-flow condition,
which includes shock waves.

4.1. Vortex-shedding results

Vortex shedding from a circular cylinder
at low Reynolds numbers was one of the first
problems considered using concepts of
global-instability analysis [6, 7, 8]. Mean-

while, this type of approach has been applied to
a range of laminar-flow instability problems
[9]. We revisit the cylinder problem as a simple
test case for the current formulation, and to
provide updated estimates for the onset of in-
stability. At low Reynolds numbers the flow is
laminar, so the state vector reduces to
g ={p,u,v,T}. The Mach number is taken to
be M =0.2.

Contours of u-velocity for the steady flow
around the cylinder are shown in Fig. 1, for the
Reynolds number Re=U_D/v =40. This flow

is stable to small unsteady perturbations. How-
ever, as the Reynolds number is increased the
flow goes unstable — signifying the onset of
vortex shedding, with frequency real(w)=

2nfD/U,, .
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Fig.1: Contours of steady-flow u-velocity.

Tablel

Eigenvalues for the circular cylinder with
different grids at M =0.2, Re =60.

Grid Eigenvalue

80x 80 0.761137, 0.034922
160x160 0.743282, 0.043301
240 % 240 0.739835, 0.044272
320x320 0.738708, 0.044557
400 x 400 0.738223, 0.044679
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Table 1 shows the most unstable eigen-
value calculated for Re=60. Results are
given for several different grids, ranging from
6,400 points up to 160,000 points. The com-
putational domain for all grids extends to 125
diameters. Results for a significantly larger
domain, extending to 200 diameters, turned
out virtually the same. The eigenvalues com-
puted on the grid 240x240 are accurate to
three significant digits; all subsequent results
are based on this grid.

The unsteadiness due to vortex shedding
is predicted to occur at Re =47, where
Im(w) crosses zero. This is in good agree-

ment with experimental observations of
Hammache and Gharib [10] and with the nu-
merical simulations of Barkley and Hender-
son [11], which give a critical Reynolds num-
ber of Re~46+1. The predicted shedding
frequency at Re =50 is 0.734, which matches
the unsteady results from the NTS code based
on the same grid.
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Fig.2: Contours of real( 7 ) for the circular-cylinder un-
steady mode.

The mode shape for the least-stable ei-
genvalue is given in Fig. 2. The figure shows
contours of the real part of the u-velocity
component, real(# ). The imaginary part of
has the same form as the real part, except the
maximum and minimum values occur at the
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location of the zeros in real(# ). When the ei-
genfunction (with prescribed amplitude) is
combined with the mean flow, the total un-
steady flow field shows the typical vortex-
shedding pattern — as predicted by the time-
accurate Navier-Stokes solution at the same Re.

4.2. Transonic-buffet results

To examine the potential for predicting
transonic-buffet onset using the global stability
theory, we consider the NACA 0012 airfoil.
This problem was considered earlier in the ex-
periments of McDevitt & Okuno [12] and in
the unsteady calculations Barakos & Drikakis
[13] and Chung et al. [14]. The transonic flow
around a NACA 0012 airfoil at an angle of at-

tack o > 2° exhibits a shockwave on the upper
surface. As the angle of attack is increased, the
shock intensifies and the flow separates from
the airfoil upper surface upstream of the trailing
edge. A further increase in the angle of attack
results in the forward movement of the separa-
tion point from the trailing edge toward the foot
of the shock. When the angle of attack exceeds
some critical value, the flow becomes globally
unsteady. The unsteadiness is characterized by
a coupled modulation of the shockwave and the
separated shear layer.

The transonic-airfoil calculations are done
at relatively high Reynolds numbers, where the
boundary layers would typically be turbulent.
For these flows the state vector is given by
q=1{p.u,v,T, v,}. In accordance with the
global stability analysis, the critical value for
the angle of attack at M =0.76 is 3.05 degrees,
which agrees very well with the experimental
data [12] and with URANS predictions [14].

Figure 3 shows the steady RANS Mach

contours of the flow at Re=10", M =0.76
and an angle of attack of 3.2°. The instability
mode shape at the same flow conditions is
shown in Fig. 4. The perturbation is concen-
trated around the shock and the boundary layer
downstream of the shock. The disturbance
maximum at the shock is roughly two orders of
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magnitude larger than in the rest of the flow.
Qualitatively, the instability represents an
oscillation of the shock position. The phase
plot shows that as the shock moves down-
stream, the separated shear layer moves closer
to the surface of the airfoil. When the shock
moves forward, the shear layer lifts off of the
surface. This form of oscillation is in good
agreement with the observations of McDevitt
& Okuno [12].
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Fig. 3: Contours of steady flow Mach number for the
for NACA 0012 airfoil.
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Fig. 4: Contours of | #Z | amplitude for the NACA 0012
unsteady mode.

Another test case for transonic-buffet pre-
dictions is the bi-convex airfoil. This problem
was considered earlier in the experiments of
McDevitt [15] and the unsteady calculations of
Rumsey et al. [16]. An 18% thick airfoil is
placed in the flow at zero angle of attack. For
Mach numbers above M =~ 0.72, the flow de-
velops shocks on the upper and lower surfaces.
As the Mach number is increased, the shock
strength increases as well, and the shock moves
toward the trailing edge. The boundary layer
begins to separate upstream of the trailing edge.
The separation point moves forward with in-
creasing Mach number, reaching the foot of the
shock at M = 0.76.

In the experiments [15] the flow is steady
at lower Mach numbers. As the Mach number
is increased, the flow goes unsteady at
M = 0.76. The unsteadiness is characterized by
large-scale oscillations of the shock — phase-
locked to oscillations of the separated shear
layer. The unsteadiness persists up to
M =0.78. When the Mach number is de-
creased, the unsteadiness persists down to
M = 0.73. The oscillation frequency is nearly
uniform over the range of Mach numbers, with
2nfe /U, =1 (or k =2nf(c/2)/U, =0.5).

The URANS computations of Rumsey et
al. [16], performed using the SA turbulence
model assuming fully-turbulent flow, show a
hysteresis similar to the experiments. As the
Mach number is increased in steps of 0.01 the
flow goes unsteady between M =0.75 and
M =0.76. As the Mach number is decreased,
the flow remains unsteady down to M =0.73,
and becomes steady at M =0.72.

A comparison of the computations carried
out in the present work with those of [16] is
shown in Fig. 5. Computations were performed
with fully-turbulent boundary-layer flow, as
well as, with transition specified at x/c=0.5.
Boundary-layer stability calculations suggest
that the boundary-layer flow could be laminar
back to the shock. One can see that, in general,
results obtained in the current work are in good
agreement both with experiment [15] and ear-
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lier numerical computations [16]. Moreover,
as seen from Fig. 5, the results obtained with
the imposed transition are much closer to the
experimental data.

The global stability analysis for this case
(calculated on a half domain with an anti-
symmetric boundary condition) also shows
good agreement with the experiment and
URANS computations — giving the critical
Mach number of 0.73.

5. Conclusions

The onset of flow unsteadiness can be
predicted using global-stability theory. The
approach requires a steady solution of the
RANS equations, and an eigenvalue calcula-
tion for the unsteady disturbance. Results
from this approach are in good agreement
with experiments and with unsteady RANS
solutions for vortex shedding and for tran-
sonic buffet.

k = 2nf(c/2)u,
rTrrrrrT T T T T T T T

e :
1 ——o—— NTS code (FT)

——=a—— NTS code (trip at x/c~0.5)

| —=—— CFL3D code (Rumsey et al.)

I — - — — = Experiment (McDevitt) R

0

NS EETENETES RN S T
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Fig. 5: Frequency variation for 18% bi-convex airfoil.
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